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Introduction

Within the spectrum of approaches to the semantics of programming languages,
denotational semantics is the most direct in capturing meaning. A denotational
semantics assigns an abstract meaning to each program phrase, its denotation,
compositionally. A denotational semantics makes some properties easy to phrase
and establish. We can define, for example, a notion of denotational equivalence:
two program phrases are equivalent if and only if their denotations are the same.
Establishing denotational equivalence directly tends to be substantially easier
than the more operational observational equivalence. The direct description of
the semantics has led to developments in language design, with monads (Moggi,
1989; Wadler, 1990) being the most notable example. However, capturing se-
mantics directly requires more sophisticated mathematical models. Gaining
sufficient understanding and insight into language constructs in order to de-
velop these models takes time. Thus, denotational semantics tend to develop
more slowly than more indirect approaches to semantics.

The denotational approach dates back to Scott (1970) and Strachey (1966),
and several undergraduate level texts present its fundamentals (Winskel, 1993,
and our Part ii ‘Denotational Semantics’ module). However, there is a wide
gap between the material these texts cover and current denotational semantics
research. The missing topics are scattered in many research papers, which
are quite technical and require advanced background. Beginning students, and
even researchers from nearby areas, find it hard to approach these relevant
developments.

The goal of this module is to bridge this gap and bring you up to date with
some of this current research. In particular, our objective is to train students to
start research in theoretical computer science on the mathematical foundations
of programming languages and its applications.

Focus

The theme of this course is computational effects. Loosely speaking, a compu-
tational effect is any computational phenomena that occurs whilst the program
is computing its final result. The main examples include: changes to main and
disk memory, I/O interactions with users via a terminal or with device drivers,
probabilistic and non-deterministic behaviour, and non-termination. Computa-
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tional effects are still an active research topic in denotational semantics, and the
community made various breakthroughs recently using an algebraic perspective
on monads. We will focus on three aspects of denotational semantics from this
algebraic perspective.

The first aspect is model construction. Semanticists are continuously mod-
elling more sophisticated effects, such as logic programming, and control effects.
We will present a range of models and discuss how the algebraic perspective in-
fluences model construction.

The second aspect concerns with denotational semantics for more sophisti-
cated type systems. Even when the language under consideration has a simple
collection of effects, the type system may require more sophisticated models.
We will cover three such examples: type-and-effect systems, which track the
effects each program phrase may cause to enable more compiler optimisations;
dynamic languages, where the type system does not track the precise type of
each identifier; and recursive type systems, where the user can define new types
recursively, such as lists and trees.

The third aspect concerns the design of new language constructs. The pro-
found understanding a denotational semantics requires has led to the redesign of
existing languages and suggested new programming constructs. We will cover
three such constructs: monads for programming, effect handlers, and control
effects.

Pre-requisites

To keep the presentation accessible, we will use a minimal amount of category
theory, as covered by the ACS ‘Category Theory and Logic’ module. Cate-
gory theory is tightly connected to the development of denotational semantics.
It has been used in semantic developments to generalise, unify, organise, and
make these developments more modular (Plotkin and Smyth, 1982; Mitchell
and Scedrov, 1993; Hermida and Jacobs, 1998; Moggi, 1989; Gabbay and Pitts,
1999, to name a few). We introduce additional categorical notions as needed.

We also recommend reading the material in the Part ii ‘Denotational Se-
mantics’ module, both for the context of the area, and for augmenting the
domain theoretical development. However, we do not assume familiarity with
its content.

Additional resources

These notes accompany Ohad’s lectures quite tightly, and much less so Marcelo’s.
As the course includes no set exercises, these notes include some exercises for
self-assessment. Bear in mind that this course runs for the first time in 2015,
and so exercises and notes may contain unintentional mistakes. In particular,
treat every exercises as potentially stated as ‘prove or disprove’.
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We encourage you to contribute to the course in any way you can. In par-
ticular, you can correct or augment the notes, or supply solutions to some of
the exercises. To make this particularly easy, you can access the notes’ source
and submit a merge request through Launchpad:

http://launchpad.net/atds

Exercise 0.1 Solution on page ??

If you have a full LATEX installation available:

a) Branch the lecture notes’ repository and try to build a local copy.

b) Submit a bug report when (if?) the build process fails in the previous clause.

c) For readers with advanced LATEX background: hack atds-exercise.sty to
not display a ‘Solution on page ??’ if the exercise does not possess a type-set
solution. Propose to merge your branch.

The course also has a discussion forum hosted on Piazza:

http://piazza.com/cam.ac.uk/spring2015/l29/home

You can ask questions (anonymously, if you wish) about the lectures or the
exercises, discuss papers you have read, or ideas you have had about the course
material.

Exercise 0.2 Solution on page ??

a) Register to the course’s forum on

http://piazza.com/cam.ac.uk/spring2015/l29/home

If you do not have a @cam.ac.uk email address, request guest access from Ohad.

b) Post an anonymous answer to the question posed in the welcome message.

Course structure

The course is organised as follows:

1. Computational metalanguages [2 lectures]

We will discuss how computational effects affect the equational theory of
the lambda calculus, present Moggi’s computational lambda calculus and
its monadic models, and establish some of its meta-theoretic properties.

2. Universal algebra and equational logic [1 lectures]

We will cover some standard mathematical background for we will need for
this course: signatures, theories, algebras, models, the free model monad,
translations and combinations of theories.

http://launchpad.net/atds
http://piazza.com/cam.ac.uk/spring2015/l29/home
http://piazza.com/cam.ac.uk/spring2015/l29/home
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3. Algebraic theory of effects [2 lectures]

We will discuss how the algebraic perspective, pioneered by Plotkin and
Power, augments Moggi’s monadic account, and guides model construc-
tion. We will discuss combination of theories and monad transformers.

4. Effect handlers [2 lectures]

We will discuss how Plotkin and Pretnar fit exception handlers into the
algebraic perspective, and generalise them to handlers of arbitrary compu-
tational effects. We will demonstrate how Pretnar and Bauer use handlers
of free effects to structure programs with effects.

5. Effect-system semantics [1 lecture]

We will present denotational semantics for type-and-effect systems via
conservative restriction of theories. We will discuss how this model can
be used to validate effect-dependent compiler optimisations.

6. Second-order algebraic theories [2 lectures]

7. Untyped lambda calculus and recursive domain equations [2 lectures]

8. Simply-typed lambda calculus and logical relations [2 lecture]

9. Continuations and control effects [2 lectures]

As the course is still under development, please consider this structure as fluid.

Acknowledgements

We are indebted to Tamas Kispeter, Justus Matthiesen, and Christopher Pulte
for helping debugging these lecture notes.



Chapter 1

Computational
metalanguages

The languages with the cleanest formal semantics are functional, and functional
languages are based on the λ-calculus. The λ-calculus provides a language for
reasoning about purely functional programs, and thus acts as a computational
meta-language. In this chapter, we present the simply-typed λ-calculus with
sums and products, and its operational and categorical denotational seman-
tics. We establish the well-known adequacy of its set-theoretic denotational
semantics. However, the simply-typed λ-calculus is not suitable for dealing
with computational effects. Therefore, we present Moggi’s computational λ-
calculus (Moggi, 1989), and attempt to recover as many meta-theoretic proper-
ties as we can.

1.1 The λ-calculus as a programming language

The simply-typed lambda calculus, as presented in the ‘Category Theory and
Logic’ module, is a family of languages, parameterised by the set of constants cA,
each with a given type A. In this module, we consider the simply typed lambda
calculus as a single language, without parameters, as defined in Figure 1.1.
In doing so, we also include sum types with ml-style pattern matching. We
assume a countable collection of type constructors C, C1, C2, . . . . For example,
we define the type:

Bool B {True of 1 | False of 1}

An important special case is when the sum type involves zero summands, and
we obtain the empty type:

0 B {}

The identifier occurrences to the left of the arrow of the pattern-matching con-
structs are binding. We will identify our abstract syntax terms up to alpha
equivalence of bound variables.
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10 CHAPTER 1. COMPUTATIONAL METALANGUAGES

Syntax:

Types A,B,C ::= 1 | A×B | A −→ B | {C1 of A1 | · · · | Cn of An}
Terms M,N ::= x | () | (M,N) | fstM | sndM | λx :A.M |M N

| CAM | matchM with | C1 x1 → N1 . . . | Cn xn → Nn

Type system:

(x :A ∈ Γ)

Γ ` x :A
(var)

Γ ` () : 1
(unit)

Γ `M :A Γ ` N :B

Γ ` (M,N) :A×B
(prod)

Γ `M :A×B
Γ ` fstM :A

(fst)
Γ `M :A×B
Γ ` sndM :B

(snd)

Γ, [x :A] `M :B

Γ ` λx :A.M :A −→ B
(λ)

Γ `M :A −→ B Γ ` N :A

Γ `M N :B
(app)

Γ `M :Ai A = {C1 of A1 | · · · | Cn of An}
Γ ` CAi M :A

(constuctor)

Γ `M : {C1 of A1 | · · · | Cn of An} and
for all i = 1, . . . , n: Γ, [xi :Ai] ` Ni :B

Γ ` matchM with

| C1 x1 → N1

...

| Cn xn → Nn :B

(match)

Figure 1.1: simply-typed λ-calculus with sums and products
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Figure 1.1 also gives λ-calculus’s type system. Typing environments Γ, ∆ are
finite functions from variables to types, written [x1 :A1, . . . , xn :An] (x1, . . . , xn
distinct, A1, . . . , An not necessarily distinct).

Exercise 1.1 Solution on page ??

Show that, in a given context, every well-typed term has a unique derivation.
Deduce that every term has at most one type in a given context.

To give a calculus, rather than merely a syntax, we need an equational theory.
Our equational theory, given in Figure 1.2, is an extension of the equational
theory from the ‘Category Theory and Logic’ module.

To give the λ-calculus computational meaning, we use (standard) structural
operational semantics in Figure 1.3. We define ground types as iterated sums
and products, and the set of values, and use Felleisen-style evaluation contexts
to give call-by-value semantics to the language. As usual, we denote the reflexive
transitive closure of the reduction relation by −→?.

Exercise 1.2 Solution on page ??

Let Γ ` V :A be a well-typed value, and assume V 6= x. Prove the following
implications:

a) A = 1 =⇒ V = ()

b) A = A1 ×A2 =⇒ V = (V1, V2)

c) A = A −→ B =⇒ V = λx :A.M

d) A = {C1 of A1 | · · · | Cn of An} =⇒ V = CAi V
′

Exercise 1.3 Solution on page ??

Show that the reduction relation is deterministic.

We use ground types as observations:

Definition 1.1. Let Γ `M :A, and Γ ` N :A be two well-typed terms. We say
that M and N are observationally equivalent, and write Γ ` M 'ctx N : A if,
for all contexts E[−], ground types G, and values V such that ` E[M ] : G and
` E[N ] :G, we have:

E[M ] −→? V ⇐⇒ E[N ] −→? V

Exercise 1.4 Solution on page ??

Show that βη-equivalent terms are observationally equivalent.
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The β-conversions:

Γ[x :A] `M :B Γ ` N :A

Γ ` (λx :A.M) N =βη M [N/x] :B

Γ `M :A Γ ` N :A

Γ ` fst (M,N) =βη M :A

Γ `M :A Γ ` N :A

Γ ` snd (M,N) =βη N :A

Γ `M :Aj A = {C1 of A1 | · · · | Cn of An}
and for all i = 1, . . . , n: Γ[xi :Ai] :Ni :B

Γ ` match CAj M with

| C1 x1 → N1

...

| Cn xn → Nn =βη Nj [M/xj ] :B

The η-conversions:

Γ `M :A −→ B x #M

Γ `M =βη (λx :A.M x) :A −→ B

Γ `M :A×B
Γ `M =βη (fstM, sndM)

Γ `M : 1

Γ `M =βη () : 1

Γ `M :A A = {C1 of A1 | · · · | Cn of An}
Γ `M =βη matchM with | C1 x1 → CA1 x1 . . . | Cn xn → CAn xn :A

The congruence rules:

Γ[x :A] `M1 =βη M2 :B

Γ ` λx :A.M1 =βη λx :A.M2 :B

Γ `M1 =βη M2 :A −→ B Γ ` N1 =βη N2 :A

Γ `M1N1 =βη M2N2

and so forth for every typing rule.
Equivalence rules: =βη is reflexive, symmetric, and transitive.

Figure 1.2: the βη-equational theory of the λ-calculus
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Ground types G ::= 1 | G1 ×G2 | {C1 of G1 | · · · | Cn of Gn}
Values V ::= x | () | (V1, V2) | λx :A.M | CA V
Evaluation E ::= − | (E,M) | (V,E) | fstE | sndE | EN | V E | CAE
contexts | matchE with | C1 x1 → N1 . . . | Cn xn → Nn

Reduction relation:

fst (V1, V2) −→ V1

(βfst)
snd (V1, V2) −→ V1

(βsnd)

λx :A.M V −→M [V/x]
(βλ)

match CAi V with

| C1 x1 → N1

...

| Cn xn → Nn −→ Ni[V/xi]

(β+)

M −→ N

E[M ] −→ E[N ]

Figure 1.3: the call-by-value operational semantics of the λ-calculus
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The main problem involving working with observational equivalence directly
is that we need to consider all possible ground contexts in order to establish the
equivalence. An adequate denotational semantics will circumvent this problem.

We now turn to the categorical denotational semantics of the λ-calculus.
Let C be a category. We denote the I-indexed product of the objects 〈Ai〉i∈I
by
∏
i∈I Ai, its association projection morphism by πj :

∏
i∈I Ai → Aj , and, for

each I-indexed collection of morphisms f : B → Ai, we denote the morphism
associated by universality by

〈fi〉i∈I :B →
∏
i∈I

Ai

When I is a two-element set, we denote the product by A1 × A2. The dual
notations for coproducts are:

Aj
ιi−→
∑
i∈I

Ai
[fi]i∈I−−−−→ B

We denote by 1 and 0 the terminal and initial objects, respectively. We denote
by BA the exponential of B by A, and denote by app :BA×A→ B the associated
morphism. For f :A→ B, g :B → C, we denote their composition by g ◦ f and
f ; g.

In the ‘Category Theory and Logic’ module, we’ve seen how to interpret the
λ-calculus, without sum types, in any Cartesian closed category. To interpret
sum types, we will need the following categorical notion:

Definition 1.2. A distributive category is a category C that has all finite prod-
ucts and finite coproducts (i.e., it is both Cartesian and co-Cartesian), and,
moreover, for all objects A and finitely indexed families of objects 〈Bi〉i∈I in C,
the following morphism has an inverse:

dist :
∑
i∈I

A×Bi
〈π1,[π2;ιi]i∈I〉−−−−−−−−−→ A×

∑
i∈I

Bi

Exercise 1.5 Solution on page ??
Show that if a category is both Cartesian closed and co-Cartesian, then it is

distributive.

We can give categorical denotational semantics for the λ-calculus in any dis-
tributive Cartesian-closed category, as in Figure 1.4. It extends the semantics
given in the ‘Category Theory and Logic’ module, interpreting sum types as
coproducts. Because each type-judgement has exactly one derivation, our se-
mantics are well-defined. Note how we use the distributivity of the category to
interpret pattern matching.

Exercise 1.6 Solution on page ??
Let C be a distributive Cartesian-closed category. Show that:

Γ `M =βη N :A =⇒ C ⟦M⟧ = C ⟦N⟧
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Semantics of types and environments as objects:

⟦1⟧ B 1 ⟦A×B⟧ B ⟦A1⟧× ⟦A2⟧ ⟦A −→ B⟧ B ⟦B⟧⟦A⟧

⟦{C1 of A1 | · · · | Cn of An}⟧ B
n∑
i=1

⟦Ai⟧ ⟦Γ⟧ B
∏

(x:A)∈Γ

⟦Ai⟧

Semantics of type judgements Γ `M :A as ⟦M⟧ : ⟦Γ⟧→ T ⟦A⟧ :

⟦x⟧ :
∏

(y:B)∈Γ

π(x:A)−−−−→ A ⟦()⟧ : ⟦Γ⟧ 〈〉−→ 1

⟦(M,N)⟧ : ⟦Γ⟧ 〈⟦M⟧,⟦N⟧〉−−−−−−−→ ⟦A⟧× ⟦B⟧

⟦fstM⟧ : ⟦Γ⟧ ⟦M⟧−−−→ ⟦A⟧× ⟦B⟧ π1−→ ⟦A⟧

⟦sndM⟧ : ⟦Γ⟧ ⟦M⟧−−−→ ⟦A⟧× ⟦B⟧ π2−→ ⟦B⟧

⟦λx :A.M⟧ : ⟦Γ⟧
curry

(
⟦Γ⟧×⟦A⟧∼=⟦Γ[x:A]⟧ ⟦M⟧−−−→⟦B⟧

)
−−−−−−−−−−−−−−−−−−−−−−−→ ⟦B⟧⟦A⟧

⟦M N⟧ : ⟦Γ⟧ 〈⟦M⟧,⟦N⟧〉−−−−−−−→ ⟦B⟧⟦A⟧ × ⟦A⟧ app−−→ T ⟦B⟧

⟦CAj M⟧ : ⟦Γ⟧ ⟦M⟧−−−→ ⟦Aj⟧ ιi−→
n∑
i=1

⟦Ai⟧

⟦matchM with | C1 x1 → N1 | . . . | Cn xn → Nn⟧ is given by:

⟦Γ⟧ 〈id,M〉−−−−→ ⟦Γ⟧×
n∑
i=1

⟦Ai⟧ dist−1

−−−−→
n∑
i=1

⟦Γ⟧× ⟦Ai⟧
[
⟦Γ⟧×⟦A⟧

⟦Ni⟧−−−→⟦B⟧
]n

i=1−−−−−−−−−−−−−−−−→ ⟦B⟧

Figure 1.4: the denotational semantics of the λ-calculus
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Exercise 1.7 Solution on page ??

The goal of this exercise is to recall the syntactic category associated with
the λ-calculus from the ‘Category Theory and Logic’ module.

Let Cλ be the following category:

Objects: types A, B, C of the λ-calculus.

Morphisms Cλ(A,B): =βη-equivalence classes [a :A `M :B].

Composition: define:

[a :A `M :B] ; [b :B ` N : C] B [a :A ` N [M/b] : C]

when we choose an α-representative N such that a #N .

Identities: define idA B [a :A ` a :A].

a) Show that Cλ is a well-defined category, i.e., show that composition is inde-
pendent of our =βη-equivalence representatives, and satisfies the axioms for a
category.

b) Show that Cλ has finite products:

Terminal object: 1 B 1, and for all A, 〈〉A B [a :A ` () : 1].

Binary products:

A×B B A×B
π1 B [x :A×B ` fst x :A]

π2 B [x :A×B ` snd x :B]

〈[c : C `M :A], [c : C ` N :B]〉 B [c : C ` (M,N) :A×B]

c) Show that Cλ is Cartesian closed:

Exponentials:

BA B A −→ B

app B [x : (A −→ B)×A ` (fst x) (sndx) :B]

curry [x :A×B `M : C] B [a :A ` λb :B.M [(a,b)/x] : C]

where a,b #M .

d) Show that Cλ is distributive:
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Coproducts:

n∑
i=1

Ai B {C1 of A1 | · · · | Cn of An} C A

ιj B [a :Aj ` CAj a :A]

[[ai :Ai ` Ni :B]]
n
i=1 B


a :A ` match a with

| C1 x1 → N1

...

| Cn xn → Nn :B


e) Show that, for all Γ `M :B:

Cλ ⟦M⟧ =

r :
∏

(x:A)∈Γ

A `M [〈πx:Ar/x〉(x:A)∈Γ] :B


f) Show that, for all Γ `M :B, and Γ ` N :B:

M =βη N ⇐⇒ Cλ ⟦M⟧ = Cλ ⟦N⟧

Exercise 1.8 Solution on page ??
Let F : C → D be a functor. We say that F preserves products if, for all I-

indexed family of objects 〈Ai〉i∈I , and for every pair giving their I-fold product〈∏
i∈I Ai, 〈πi〉i∈I

〉
, the pair〈

F

(∏
i∈I

Ai

)
, 〈Fπi〉i∈I

〉

gives an I-fold product for 〈FAi〉i∈I .
a) Show that the identity functor is product preserving, and that the composi-
tion of product preserving functors is product preserving.
b) Define the notions: coproduct preserving functor, and exponential preserving
functor, and show that each notion includes all identity functors and is closed
under functor composition.
c) Let Modλ be the category of distributive Cartesian-closed categories and
whose morphisms are those functors that preserve the distributive Cartesian-
closed structure. Show that for all morphisms F : C → D in Modλ, and for all
Γ `M :A:

D ⟦M⟧ = F

(
C ⟦Γ⟧ C⟦M⟧−−−→ C ⟦A⟧

)
d) Show that Cλ is the initial object of Modλ.
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A corollary of Exercises 1.4 and 1.7 is the adequacy of the syntactic category:

Corollary 1.3 (syntactic adequacy). For all Γ `M :B, and Γ ` N :B:

Cλ ⟦M⟧ = Cλ ⟦N⟧ =⇒ M 'ctx N

Checking denotational equality in the syntactic category is not straightfor-
ward: it amounts to checking βη-equivalence. We are therefore interested in
concrete adequate models. We will show that the category of sets and func-
tions, Set, is an adequate λ-calculus model.

If you are familiar with the Part ii ‘Denotational Semantics’ module, you
may know that such an adequacy proof for pcf involves logical relations. Our
proof is similar, but we structure it categorically. The categorical language
makes such proofs, which tend to be quite involved, more modular.

Definition 1.4 (pullbacks). Let C be a category, and f1 :A1 → B, f2 :A2 → B
be two morphisms in C with a common codomain. A pullback for f and g is an
object P together with two morphisms p1 : P → A1 and p2 : P → A2 for which

P A1

A2

p1

p2

B

f1

f2

=

such that, for every pair of morphisms q1 :Q→ A1, and q2 :Q→ A2 with a
common domain satisfying

Q A1

A2

q1

q2

B

f1

f2

=

there exists a unique morphism h :Q→ P satisfying:
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P A1

A2

p1

p2

Q
h

q1

q2

=

=

Pullbacks, when they exist, are unique up to a unique universal isomorphism.
When 〈P, p1, p2〉 form a pullback, we denote the situation by the following dia-
gram:

P A1

A2

p1

p2

B

f1

f2

The main reason we introduce pullbacks is the following construction. Let
F1 : A1 → B, F2 : A2 → B be two functors with a common codomain. Define
the following category P:

Objects: pairs 〈A1, A2〉 consisting of objects Ai of Ai, for i = 1, 2, satisfying
F1A1 = F2A2.

Morphisms P(〈A1, A2〉 , 〈B1, B2〉): pairs 〈f1, f2〉 satisfying F1f1 = F2f2.

Composition: componentwise, i.e.: 〈f1, f2〉 ; 〈g1, g2〉 B 〈f1 ; g1, f2 ; g2〉.

Identities: id〈A1,A2〉 B 〈idA1
, idA2

〉.
The projections Pi : P → Ai given by 〈x1, x2〉 7→ xi for both objects and

morphisms then form functors, and in fact we have the following diagram in the
category of categories1:

P A1

A2

P1

P2

B

F1

F2

1Size restrictions apply.
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Exercise 1.9 Solution on page ??
Verify the above statements:

a) Show that P is a well-defined category.
b) Show that Pi are functors.
c) Show that the triple 〈P, P1, P2〉 is the pullback of F1 and F2 in the category
of categories.

Exercise 1.10 Solution on page 45
a) Let C, D be two categories. Find the product C × D in the category of
categories.
b) Show that if C, D are distributive Cartesian-closed categories, thatn so is
C × D, and that the projection functors preserve this structure.

Our next ingredient is the following category Pred of predicates:

Objects: pairs 〈A,P 〉 where A is a set and P ⊆ A is a subset of it.

Morphisms Pred(〈A,P 〉 , 〈B,Q〉): functions f :A→ B that preserve the pred-
icate:

a ∈ P =⇒ f(a) ∈ Q

Composition and identities: are the same as for functions.

These data do define a category (verify this claim!), and we have a functor
cod : Pred→ Set given by:

cod 〈A,P 〉 B A

cod(〈A,P 〉 f−→ 〈B,Q〉) B A
f−→ B

Exercise 1.11 Solution on page ??
Show that Pred is a distributive Cartesian-closed category. Explicitly:

Products: the I-fold product
∏
i∈I 〈Ai, Pi〉 is given by:〈〈∏

i∈I
Ai,
{
〈xi〉i∈I

∣∣∀i ∈ I.xi ∈ Pi}〉, πi〉

Coproducts: the I-fold coproduct
∑
i∈I 〈Ai, Pi〉 is given by:〈〈∑

i∈I
Ai, {ιix|i ∈ I, x ∈ Pi}

〉
, ιi

〉

Exponentials: the exponential 〈B,Q〉〈A,P 〉 is given by:〈
BA, {f :A→ B|∀a ∈ A.a ∈ P =⇒ a ∈ Q}

〉
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Let C be a locally-small distributive Cartesian-closed category. We then have
a functor y1 : C → Set defined by:

y1A B C(1, A)

y1(A
f−→ B) B (g : 1→ A) 7→ (1

g−→ A
f−→ B)

Exercise 1.12 Solution on page ??
Show that y1 is product preserving.

Exercise 1.13 Solution on page ??
Show that y1 : Set → Set is an equivalence of categories: find an adjoint

G : Set→ Set, and natural isomorphisms η : Id ∼= G ◦ y1 and ε : y1 ◦G ∼= Id.

Let F : C → Set be a finite-product preserving functor. Our category for
logical relations over C, LogF is given by the pullback square:

LogF Pred

C

R−

|−|

Set

cod

F

Exercise 1.14 Solution on page ??
Describe the category LogF , and the functors |−| and R− explicitly.

Exercise 1.15 Solution on page ??
Let F : C → Set be a product preserving functor.

a) Show that if C is Cartesian, then so is LogF , and that |−| preserves finite
products.
b) Show that if C has finite coproducts, then so is LogF , and that |−| preserves
finite coproducts.
c) Show that if C is distributive, then so is LogF .
d) Show that if C is Cartesian-closed, then so is LogF and F preserves expo-
nentials.

We now fix C B Set × Cλ, i.e., objects are pairs consisting of a set and a
type, and morphisms consisting of a function and an equivalence class of terms.
We fix the functor F : C → Set to be F 〈X,A〉 B X × y1A.

Exercise 1.16 Solution on page ??
Show that this functor preserves finite products.
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We therefore have a distributive Cartesian-closed category Log, given by
the following structure2:

Objects: triples 〈X,A,R〉 where X is a set, A a type, and R is a relation
between X elements and equivalence classes of closed terms of type A.

Morphisms Log(〈X,A,R〉 , 〈Y,B, S〉): pairs 〈f, [a :A `M :B]〉, satisfying for
all x ∈ X and [` N :A]:

〈x, [` N :A]〉 ∈ R =⇒ 〈f(x),` N [M/a]〉 ∈ S

Terminal object: The full relation between {?} and (unique) representative
of closed terms of unit type, the unit value:

{〈?, [` () : 1]〉}

Binary products: The relation part of the product 〈X,A,R〉 × 〈Y,B, S〉 is:

{〈〈x, y〉, [`M :A×B]〉|〈x, [` fstM :A]〉 ∈ R ∧ 〈y, [` sndM :B]〉 ∈ S}

Coproducts: The relation part of the coproduct
∑n
i=1 〈Xi, Ai, Ri〉 is:

{〈y, [`M : {C1 of A1 | · · · | Cn of An}]〉 |
∃1 ≤ i ≤ n, x ∈ Xi,` N :Ai.y = ιix ∧M =βη CAi N

∧ 〈x, [` N :Ai]〉 ∈ Ri}

Exponentials: The relation part of the exponential 〈Y,B, S〉〈X,A,R〉 is:

{〈f, [`M :A −→ B]〉 |
∀x ∈ X,` N :A. 〈x, [` N :A]〉 ∈ R =⇒ 〈f(x),`M N :B〉}

We have now set up all the required ingredients for the logical relations
proof:

Lemma 1.5 (basic lemma). For all `M :A:

〈Set ⟦M⟧ (?), [`M :A]〉 ∈ RLog⟦A⟧

Proof
Consider any `M :A. Note that |−| :Log→ Set×Cλ preserves the distributive
Cartesian-closed structure. Calculate:

|Log ⟦M⟧|
Exercise 1.8c

↓
= Set× Cλ ⟦M⟧

Exercise 1.10

↓
= 〈Set ⟦M⟧, Cλ ⟦M⟧〉

Exercise 1.7e

↓
= 〈Set ⟦M⟧, [ : 1 `M :A]〉

By definition, Log ⟦M⟧ : 1→ Log ⟦A⟧. Therefore:

RLog⟦A⟧ 3 〈Set ⟦M⟧,y1[ : 1 `M :A]〉 (?, [` () : 1]) = 〈Set ⟦M⟧ (?), [`M :A]〉

as required. �
2If you are familiar with the Part ii ‘Denotational Semantics’ module, compare this for-

mulation of set-theoretic logical relations for the λ-calculus with the domain-theoretic logical
relations for pcf.
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This proof illustrates one benefit of the categorical language. Usually, in
logical relations proofs, proving the basic lemma is a tedious task involving
a lengthy inductive proof on type judgements3. Our proof involves the same
technical steps, but packaged modularly in the notion of a categorical model.

Lemma 1.6. For all ground types G, for all 〈x, [`M1 :G]〉 and 〈y, [`M2 :G]〉
in RLog⟦G⟧:

x = y =⇒ [M1] = [M2]

Proof
We prove the lemma by induction on ground types. We show only the induction
step for sum types. The remaining cases are left as an exercise.

Case G = {C1 of G1 | · · · | Cn of Gn}: Assume the induction hypothesis holds
for G1, . . . , Gn, and consider any:

〈x, [`M1 :G]〉 , 〈y, [`M2 :G]〉 ∈ R∑n
i=1 Log⟦Gi⟧

and assume x = y.

By the structure of coproducts in Log, there exist 1 ≤ i, j ≤ n, x′ ∈
Set ⟦Gi⟧, y′ ∈ Set ⟦Gj⟧, [` N1 :Gi], [` N2 :Gj ], such that:

x = ιix
′ M1 =βη CGi N1 〈y′, [N1]〉 ∈ RLog⟦Gi⟧

y = ιjy
′ M2 =βη CGj N2 〈y′, [N2]〉 ∈ RLog⟦Gj⟧

As x = y, we have that i = j and x′ = y′, and so, by our induction
hypothesis for Gi, we deduce that [N1] = [N2], and therefore:

M1 =βη CGi N1 =βη CGi N2 =βη M2 �

Lemma 1.7 (definability). For all ground types G, for every a ∈ Set ⟦G⟧ there
is some ` V :G such that Set ⟦V ⟧ (?) = a.

Exercise 1.17 Solution on page ??
Complete the proofs for the last two lemmata.

Theorem 1.8. (set-theoretic completeness) For all closed ground terms `M :G
and ` N :G:

Set ⟦M⟧ = Set ⟦N⟧ ⇐⇒ M =βη N

Proof
The ⇐= direction is precisely Exercise 1.6. We prove the converse direction.
Assume Set ⟦M⟧ = Set ⟦N⟧. By the basic Lemma 1.5:

〈Set ⟦M⟧ (?), [`M :A]〉 , 〈Set ⟦N⟧ (?), [` N :A]〉 ∈ RLog⟦A⟧

As by our assumption, Set ⟦M⟧ = Set ⟦N⟧, Lemma 1.6 implies that [M ] =
[N ], i.e.,M =βη N . �

3For example, the pcf adequacy proof from the Part ii ‘Denotational Semantics’ module.
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The adequacy of the set theoretic model now follows by Corollary 1.3:

Theorem 1.9 (adequacy). For all Γ `M :B, and Γ ` N :B:

Set ⟦M⟧ = Set ⟦N⟧ =⇒ M 'ctx N

In the Part ib ‘Semantics of Programming Languages’ module, we establish
Felleisen-style type-soundness results by establishing progress and preservation
properties. As an application of the adequacy theorem, we establish the follow-
ing semantic type soundness result:

Theorem 1.10 (soundness). For all ` M : G, there exists some ` V : G such
that M −→? V .

Proof
Take a B Set ⟦M⟧ (?) ∈ Set ⟦G⟧. By the definability Lemma 1.7, there exists
some ` V :G such that Set ⟦V ⟧ (?) = a = Set ⟦M⟧ (?). Therefore:

Set ⟦V ⟧ = Set ⟦M⟧
By the Adequacy Theorem 1.9, M 'ctx V . By taking the empty context E B −
in the definition of observational equivalence, and noting that V −→? V , we
deduce that M −→? V . �

1.2 Computational effects and the λ-calculus

Let’s add a simple effect to the λ-calculus — a single memory bit we can set.
We augment our syntax with two constants:

Terms M,N ::= . . . | get | set

and add the following typing rules to our type system:

Γ ` get :1 −→ Bool
(get)

Γ ` set :Bool −→ 1
(set)

Exercise 1.18 Solution on page ??
Give structural operational semantics for this extended language, and define

the notion of observational equivalence on it.

Our problem is that we cannot use the λ-calculus to reason about this lan-
guage. For example, the βη-theory of the λ-calculus that appears in Figure 1.2,
shows the following equivalence:

fst (set
(

FalseBool ()
)
, set

(
TrueBool ()

)
) =βη set

(
FalseBool ()

)
However, these two terms are not observationally equivalent.
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Exercise 1.19 Solution on page ??
Show, using the observational equivalence relation you defined in the previ-

ous exercise, that:

fst (set
(

FalseBool ()
)
, set

(
TrueBool ()

)
) 6'ctx set

(
FalseBool ()

)

1.3 The λc-calculus

As the λ-calculus is unsound in the presence of effects, we want a different
calculus, a computational metalanguage, for the language of the λ-calculus that
will not change in the presence of effects. Figure 1.5 gives λc-calculus, the
computational λ-calculus (Moggi, 1989). The difference between λc-calculus and
λ-calculus (shaded in the diagram) amounts to restricting the use of arbitrary
terms M and V to values V and V ′ in key places in the equational theory.

Exercise 1.20 Solution on page ??
Let =′βη be the relation obtained by replacing the η-conversion laws in Fig-

ure 1.5 with the following laws:

Γ ` f :A −→ B

Γ ` f =βη (λx :A.f x) :A −→ B

Γ ` p :A×B
Γ ` p =βη (fst p, snd p)

Γ ` u : 1

Γ ` u =βη () : 1

Γ ` v :A A = {C1 of A1 | · · · | Cn of An}
Γ ` v =βη match v with | C1 x1 → CA1 x1 . . . | Cn xn → CAn xn :A

Put differently: =′βη only uses the η-conversions in which V is a variable.
Show that for all M , N :

M =βη N ⇐⇒ M =′βη N

Moggi’s central contribution was to identify the categorical semantics of the
λc-calculus, using monads:

Definition 1.11 (monads). Let C be a category. A monad over C is a triple
〈T, return,�=〉 where:

i. T : C → C is a functor;

ii. return : IdC → T is a natural transformation; and

iii. �= assigns for every morphism f :A→ TB in C a morphism

�=f : TA→ TB

such that the following three equations hold:
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The β-conversions:

Γ[x :A] `M :B Γ ` V :A

Γ ` (λx :A.M) V =βη M [V /x] :B

Γ ` V :A Γ ` V ′ :A
Γ ` fst (V , V ′) =βη V :A

Γ ` V :A Γ ` V ′ :A
Γ ` snd (V , V ′) =βη V

′ :A

Γ ` V :Aj A = {C1 of A1 | · · · | Cn of An}
and for all i = 1, . . . , n: Γ[xi :Ai] :Ni :B

Γ ` match CAj V with

| C1 x1 → N1

...

| Cn xn → Nn =βη Nj [V /xj ] :B

The η-conversions:

Γ ` V :A −→ B x # V

Γ ` V =βη (λx :A.V x) :A −→ B

Γ ` V :A×B
Γ ` V =βη (fstV , sndV )

Γ ` V : 1

Γ ` V =βη () : 1

Γ ` V :A A = {C1 of A1 | · · · | Cn of An}
Γ ` V =βη matchV with | C1 x1 → CA1 x1 . . . | Cn xn → CAn xn :A

The congruence rules:

Γ[x :A] `M1 =βη M2 :B

Γ ` λx :A.M1 =βη λx :A.M2 :B

Γ `M1 =βη M2 :A −→ B Γ ` N1 =βη N2 :A

Γ `M1N1 =βη M2N2

and so forth for every typing rule.
Equivalence rules: =βη is reflexive, symmetric, and transitive.

Figure 1.5: the βη-equational theory of the λc-calculus



1.3. THE λC-CALCULUS 27

1. (�= return) = id;

2. for all f :A→ TB:

A

TA

T B

return �= f

f

=

3. for all f :A→ TB, g :B → TC:

TA

T B

TC

�= f �=g

�=( f ;�=g)

=

(Note that A
f−→ TB

�=g−−−→ TC.)

We call the natural transformation ‘return’ the unit of the monad, and ‘�=’
the Kleisli extension.

Monads play an important rôle in the semantics of computational effects.
Hence we look at several examples.

Example 1-1 (the state monad). Let S be any set. Define a monad 〈StS, return,�=〉
over Set as follows:

i.

StS : Set→ Set

StS X B (S×X)
S

StS

(
X

f−→ Y
)(

α ∈ (S×X)
S
)
B λs : S. 〈s′, f(x)〉

where α(s) = 〈s′, x〉

Exercise 1.21 Solution on page ??

Show that this data defines a functor StS :Set→ Set.

ii. Define, for every set X, the function

returnX :X→ (S×X)
S

returnX x B λs : S. 〈s, x〉

To show that return is a natural transformation, take any function f :X →
Y , and calculate:



28 CHAPTER 1. COMPUTATIONAL METALANGUAGES

x ∈ X λs : S.〈s,x〉 ∈ (S×X)S

f (x) λs : S.〈s, f (x)〉 ∈ (S×Y )S

returnX

returnY

f StS f

therefore return is a natural transformation.

iii. Define, for every function f :X → (S× Y )
S

the following function:

(�=f) : (S×X)
S → (S× Y )

S

(�=f) (α ∈ (S×X)
S
) B λs1 : S. 〈s3, y〉

where α(s1) = 〈s2, x〉
f(s2) = 〈s3, y〉

We have:

1. Consider any α ∈ (S×X)
S
. Take any s ∈ S, and let α(s) = 〈s′, x〉. Then:

returnx(s′) = 〈s′, x〉

Therefore, by definition (choosing s1 B s, and s2 B s3 B s′):

(�= return) (α)(s) = 〈s′, x〉 = α(s) = id(α)(s)

Thus, (�= return) = id.

2. Consider any f : X → TY . Take any x ∈ X and s1 ∈ S, and let f(x) =
〈s3, y〉. Therefore:

(�=f) (returnx)(s1) = 〈s3, y〉 = f(s1)

and thus

X

T X

TY

return �= f

f

=

3. Consider any f :X → TY and g : Y → TZ. Take any α ∈ (S×X)
S
, and

s1 ∈ S. Let

α(s1) = 〈s2, x〉
f(x)(s2) = 〈s3, y〉
g(y)(s3) = 〈s4, z〉
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By choosing α, s1, s2, s3, x and y as themselves, we have that:

(�=f) (α)(s1) = 〈s3, y〉

Since g(y)(s3) = 〈s4, z〉, by choosing in the definition of �=g:

α B (�=f) (α) ∈ (S× Y )
S

s1 B s1 x B y s2 B s3 y B z s3 B s4

we have that:
(�=g) ((�=f) (α)) (s1) = 〈s4, z〉

On the other hand, f(x)(s2) = 〈s3, y〉 and g(y)(s3) = 〈s4, z〉, so we have:

(f ;�=g) = (�=g) (f)(s2) = 〈s4, z〉

As α(s1) = 〈s2, x〉, we have by �=(f ;�=g)’s definition:

(�=(f ;�=g)) (α)(s1) = 〈s4, z〉

Therefore (�=g) ◦ (�=f) =�=(f ;�=g), i.e.:

T X

TY

T Z

�= f �=g

�=( f ;�=g)

=

Therefore 〈StS, return,�=〉 is a monad over Set.

For the following examples, we will not show that the given data define a
monad. We encourage the readers to do so independently.

Exercise 1.22 Solution on page ??
Characterise those sets S for which returnX is injective for all sets X.

Example 1-2 (exception monad). Let E be any set. Define the data 〈ErrorE, return,�=〉
as follows:

i.

ErrorE : Set→ Set

ErrorE X B X + E

ErrorE

(
X

f−→ Y
)

(α ∈ X + E) B

{
ι1(f(x)) α = ι1x

ι2e α = ι2e

These define a functor ErrorE :Set→ Set.



30 CHAPTER 1. COMPUTATIONAL METALANGUAGES

Define, for every set X, the function

returnX :X → X + E

returnX(x) B ι1x

This defines a natural transformation return :Id → ErrorE.

Define, for every function f :X → Y + E the following function:

(�=f) :X + E→ Y + E

(�=f) (α ∈ X + E) B

{
f(x) α = ι1x

ι2e α = ι2e

Thus the data 〈ErrorE, return,�=〉 define a monad over Set.

Example 1-3 (powerset monads). Define the following data 〈Pℵ0 ,+, return〉�=:

i. For every set X, define:

P+
ℵ0 X B {α ⊆ X|α is finite and non-empty}

P+
ℵ0(X

f−→ Y )(α) B f [α] B {f(a)|a ∈ α}

Then P+
ℵ0 : Set→ Set is a functor.

ii. Define, for every set X, the function

returnX :X → P+
ℵ0 X

returnX(x) B {x}

Then return :Id → P+
ℵ0 is a natural transformation.

iii. Define, for every funciton f :X → P+
ℵ0 Y the following function:

(�=f) : P+
ℵ0 X → P

+
ℵ0 Y

(�=f) (α ∈ P+
ℵ0 X) B

⋃
a∈α

f(a)

Note that as each α ∈ P+
ℵ0 is finite and non-empty, the union above it

finite and non-empty.

These data define the non-empty finite powerset monad
〈
P+
ℵ0 , return,�=

〉
over Set. If, in the definition (i) above we allow α to be empty, we obtain the
finite powerset monad Pℵ0 over Set. If we do not restrict α to be finite, we
obtain the powerset and non-empty powerset monads P and P+.
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Exercise 1.23 Solution on page ??

Find a monad structure 〈−∗, return,�=〉 over Set satisfying, for every set
X,

X∗ = {finite strings over the alphabet X}

Exercise 1.24 Solution on page ??

Show that, for each of the monads in Example 1-2, Example 1-3, and Exer-
cise 1.23, the function returnX is injective, for each Set X.

Exercise 1.25 Solution on page ??

If you know a thing or two about cardinals, the situation in the powerset
example generalises. A regular cardinal is a cardinal κ with the following prop-
erty: for every I-indexed collection of sets, where both the indexing set I and
all the indexed sets X ∈ I have cardinality less than κ, then the union

⋃
I of

all these sets has cardinality less than κ.

Let κ be a regular cardinal.

a) Define appropriate powerset monads Pκ and P+
κ .

b) A κ-directed collection of subsets of a given set is a collection of subsets
F with the following property: for all subcollections X ⊆ F , where X has
cardinality less than κ, there exists a set B ∈ F such that

⋃
X ⊆ B.

Show that, for all sets X, Pκ(X) is κ-directed.

c) Show that for every κ-directed collection of subsets F :

Pκ(
⋃
F) =

⋃
X∈F

Pκ(X)

d) Show that the powerset monad does not satisfy this property: for every
regular cardinal κ, there exists a κ-directed collection of subsets F such that

P(
⋃
F) and

⋃
X∈F P(X) have different cardinality.

Exercise 1.26 continuation monad Solution on page ??

Let R be any set. Find a monad structure 〈ContR, return,�=〉 over set
satisfying, for every set X,

ContR X = R(RX)

Characterise the sets R for which, for all sets X, returnX is injective.
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Exercise 1.27 Solution on page ??

Definition 1.11 defines monads in terms of the triple 〈T, return,�=〉, which
is known as a Kleisli triple in the literature. The goal of this exercise is to
present the more common definition.

Let C be a category. A monad over C consists of a triple 〈T, return, µ〉 where:

i. T : C → C is a functor;

ii. return :IdC → T is a natural transformation; and

iii. µ : T 2 → T is a natural transformation
(where T 2 denotes the composed functor T ◦ T ),

such that the following three conditions hold:

TA T 2A

TA

returnTA

µ
=

(1)

TA T 2A

TA

T returnA

µ
=

(1′)

T 3A T 2A

T 2A TA

T µ

µµTA

µ

= (2)

a) Show that, given the data (i)–(iii), the conditions (1) and (1′) are equivalent.

b) Given a Kleisli triple 〈T, return,�=〉, show that if we define:

µA B (�=idTA)

we have a monad 〈T, return, µ〉 as defined in this exercise.

c) Given a monad in terms of 〈T, return, µ〉, show that if we define, for every
f :A→ TB:

(�=f) B TA
Tf−−→ T 2B

µ−→ TB

we have a Kleisli triple 〈T, return,�=〉.
d) Show that these two constructions induce a bijection on monads over C.
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So far we did not require monads to interact with the Cartesian structure of
our category. In order to model the λ-calculus, we will need such axioms:

Definition 1.12 (strong monad). Let C be a Cartesian category. A strong
monad is a quadruple 〈T, return,�=, str〉 where:

i. 〈T, return,�=〉 is a monad; and

ii. strA,B :A× TB → T (A×B) is a natural transformation,

such that the following four axioms hold:

1×TA T (1×A)

TA

str1,A

T π2π2

=
(str1)

(A×B)×TC

A× (B×TC)

A×T (B×C)

T (A× (B×C))

T ((A×B)×C)
str

T αA,B,CαA,B,TC

id× str str

=
(str×)

where αA,B,C : (A×B)× C 〈π1;π1,〈π1;π2,π2〉〉−−−−−−−−−−−−→ A× (B × C)

A×B A×T B

T (A×B)

id× return

strreturn

=
(strreturn)
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For all f :B → TC:

A×T B A×TC

T (A×B) T (A×C)

id× (�= f )

strstr

�=(id× f ; str)

= (str�=)

Exercise 1.28 Solution on page ??
Let C1, C2 be two Cartesian categories. Let 〈T1, return1,�=1, str1〉 and

〈T2, return2,�=2, str2〉 be strong monads over the categories C1 and C2, respec-
tively. Construct a strong monad over the product category C1 × C2.

Verifying that a given monad is strong can be tedious. When working in
Set (but not in other categories!), specifying the strength is just a formality:

Exercise 1.29 Solution on page ??
Let 〈T, return,�=〉 be a monad over Set. Define, for every two sets X, Y :

strX,Y 〈x0, β〉 B T (λy : Y. 〈x0, y〉)(β)

a) Show that str is a natural transformation, and that 〈T, return,�=, str〉 is a
strong monad.
b) Let str′ be any other natural transformation such that 〈T, return,�=, str′〉 is
a strong monad over Set. Show that str′ = str.

We have now introduced all the additional categorical notions we need to
define our model class for the λc-calculus.

Definition 1.13. computational model A computational model consists of a
quintuple M = 〈C, T, return,�=, str〉, where:

i. C is a distributive category;

ii. 〈T, return,�=, str〉 is a strong monad over C; and

iii. for all objects A, B in C, the exponential (TB)
A

exists in C.

All the example monads we have seen give rise to computational models, as
Set is Cartesian-closed and distributive, and each of those monads is strong (as
any monad over Set).

Given a computational model 〈C, T, return,�=, str〉 , we can interpret the
(computational) λ-calculus, as in Figure 1.6. As for the λ-calculus, types denote
objects, but now terms denote morphisms of the form:

⟦M⟧ : ⟦Γ⟧→ T ⟦A⟧
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Semantics of types and environments as objects:

⟦1⟧ B 1 ⟦A×B⟧ B ⟦A1⟧× ⟦A2⟧ ⟦A −→ B⟧ B (T ⟦B⟧)⟦A⟧

⟦{C1 of A1 | · · · | Cn of An}⟧ B
n∑
i=1

⟦Ai⟧ ⟦Γ⟧ B
∏

(x:A)∈Γ

⟦Ai⟧

Semantics of type judgements Γ `M :A as ⟦M⟧ : ⟦Γ⟧→ T ⟦A⟧:

⟦x⟧ :
∏

(y:B)∈Γ

π(x:A)−−−−→ A
return−−−−→ T ⟦A⟧ ⟦()⟧ : ⟦Γ⟧ 〈〉−→ 1

return−−−−→ T1

⟦(M,N)⟧ : ⟦Γ⟧ 〈⟦M⟧,⟦N⟧〉−−−−−−−→ T ⟦A⟧× T ⟦B⟧ seq−−→ T (⟦A⟧× ⟦B⟧)

⟦fstM⟧ : ⟦Γ⟧ ⟦M⟧−−−→ T (⟦A⟧× ⟦B⟧) Tπ1−−−→ T ⟦A⟧

⟦sndM⟧ : ⟦Γ⟧ ⟦M⟧−−−→ T (⟦A⟧× ⟦B⟧) Tπ2−−−→ T ⟦B⟧

⟦λx :A.M⟧ : ⟦Γ⟧
curry

(
⟦Γ⟧×⟦A⟧∼=⟦Γ[x:A]⟧ ⟦M⟧−−−→T ⟦B⟧

)
−−−−−−−−−−−−−−−−−−−−−−−−−→ (T ⟦B⟧)⟦A⟧

return−−−−→ T
(

(T ⟦B⟧)⟦A⟧
)

⟦M N⟧ : ⟦Γ⟧ 〈⟦M⟧,⟦N⟧〉−−−−−−−→ T
(

(T ⟦B⟧)⟦A⟧
)
× T ⟦A⟧

seq−−→ T
(

(T ⟦B⟧)⟦A⟧ × ⟦A⟧
)

T app−−−→ T ⟦B⟧

⟦CAj M⟧ : ⟦Γ⟧ ⟦M⟧−−−→ T ⟦Aj⟧ T ιi−−→ T

n∑
i=1

⟦Ai⟧

⟦matchM with | C1 x1 → N1 | . . . | Cn xn → Nn⟧ is given by:

⟦Γ⟧ 〈id,M〉−−−−→ ⟦Γ⟧×
n∑
i=1

T ⟦Ai⟧ dist−1

−−−−→
n∑
i=1

⟦Γ⟧× T ⟦Ai⟧

∑n
i=1 str

−−−−−→
n∑
i=1

T (⟦Γ⟧× ⟦Ai⟧)

[
T (⟦Γ⟧×⟦A⟧)

�=⟦Ni⟧−−−−−→T ⟦B⟧
]n

i=1−−−−−−−−−−−−−−−−−−−−−→ T ⟦B⟧

Figure 1.6: the denotational semantics of the λc-calculus
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Therefore, the function typeA −→ B is interpreted as the exponential (T ⟦B⟧)⟦A⟧,
which we postulated to exist in Definition 1.13. To interpret terms, we use the
following auxiliary construction. In any Cartesian category, we have the follow-
ing morphism:

swapA,B :A×B 〈π2,π1〉−−−−−→ B ×A

Using swap, we define the following morphism seq, which we will use to seman-
tically sequence two computations:

TA×T B

T B×TA

T (T B×A)

T (A×T B)

T (A×B)
seq

swapTA,T B

str T swap

�=str
def
=

Exercise 1.30 Solution on page ??
Show that swap and seq are natural transformations.
Are they natural isomorphisms?

Exercise 1.31 Solution on page ??
Work out the semantics of all terms in the model 〈Set,StS, return,�=, str〉.
For example:

⟦(M,N)⟧ (γ ∈ ⟦Γ⟧)(s1) B 〈s3, 〈x, y〉〉
where ⟦M⟧ (γ)(s1) = 〈s2, x〉

⟦N⟧ (γ)(s2) = 〈s3, y〉

Exercise 1.32 Solution on page ??
Show that for all values Γ ` V :A there exists a morphism v : Γ→ ⟦A⟧ such

that:

⟦Γ⟧

⟦A⟧

T ⟦A⟧

v return

⟦V⟧
=
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The mapping between the syntax of our language to the denotational se-
mantics is quite involved, as Figure 1.6 shows. There are computational met-
alanguages for effects in which this mapping is more direct (Levy, 2004). We
decided to keep to more familiar calculi, even at the price of added complexity.

We prove that our set theoretic denotational semantics are complete. In
doing so, our categorical semantics shines, as the proof strategy is identical to
the pure case:

1. construct a syntactic model for the λc-calculus;

2. define a notion of preservation of models;

3. construct a logical relations model over the syntactic model and the set-
theoretic model;

We first define the syntactic category Cλc
as follows:

Objects: λc-calculus types A, B, C, . . . .

Morphisms Cλc
(A,B) =βη-equivalence classes of λc-calculus values, [a : A `

V :B].

Composition: define:

[a :A ` V :B] ; [b :B ` V ′ : C] B [a :A ` V ′[V/b] : C]

Identities: define idA B [a :A ` a :A].

Exercise 1.33 Solution on page ??

Show that these data define a distributive category. What is the distribu-
tive structure?

Monad: The following data defines a strong monad over Cλc
(show it!):

i.

TλcA B 1 −→ A

Tλc [a :A ` V :B] B [α : 1 −→ A ` λ : 1.
(

(λa :A.V ) (α ())
)

: 1 −→ B]

ii.
returnA B [a :A ` λ : ().a : 1 −→ A]

iii.

�=[a :A ` V : 1 −→ B] B [α : 1 −→ A ` λ : 1.V (α ()) : 1 −→ B]

iv.
strA,B B [p :A× (1 −→ B) ` λ : 1.(fst p, (snd p) ())]
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Exponentials:

(Tλc
B)

A B A −→ B

app B [p : (A −→ B)×A ` λ : 1.
(

(fst p) (snd p)
)

: 1 −→ B]

You are strongly encouraged to work through the (many!) calculations involved
in showing that Mλc

B 〈Cλc
, Tλc

, return,�=, str〉 is a computational model.

Exercise 1.34 Solution on page ??
Prove that, for all Γ `M :B:

Mλc ⟦M⟧ =

r :
∏

(x:A)∈Γ

A ` λ : 1.M [〈πx:Ar/x〉(x:A)∈Γ] : 1 −→ B



Theorem 1.14 (syntactic completeness). Let =c
βη be the equational theory of

the λc-calculus. For all Γ `M :A and Γ ` N :A:

M =c
βη N ⇐⇒ Mλc ⟦M⟧ =Mλc ⟦N⟧

Proof

( =⇒ ): Assume M =c
βη N . Then:

⟦M⟧

Exercise 1.34y
=

r :
∏

(x:A)∈Γ

A ` λ : 1.M [〈πx:Ar/x〉(x:A)∈Γ] : 1 −→ B


assumption+

congruence rulesy
=

r :
∏

(x:A)∈Γ

A ` λ : 1.N [〈πx:Ar/x〉(x:A)∈Γ] : 1 −→ B


= ⟦N⟧

(⇐= ): Assume ⟦M⟧ = ⟦N⟧. By Exercise 1.34, we have:

r :
∏

(x:A)∈Γ

A `

λ : 1.M [〈πx:Ar/x〉(x:A)∈Γ]

=c
βηλ : 1.N [〈πx:Ar/x〉(x:A)∈Γ]

: 1 −→ B
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But:

Γ `

λr :
∏

(x:A)∈Γ

A.λ : 1.M [〈πx:Ar/x〉(x:A)∈Γ]

 (x)[(x:A)∈Γ]

 () =c
βη M

and

Γ `

λr :
∏

(x:A)∈Γ

A.λ : 1.N [〈πx:Ar/x〉(x:A)∈Γ]

 (x)[(x:A)∈Γ]

 () =c
βη N

hence M =c
βη N . �

Definition 1.15. Let 〈C, T, return,�=, str〉 and 〈C′, T ′, return′,�=′, str′〉 be two
computational models. We say that a functor F : C → C′ preserves the compu-
tational model structure if:

i. F preserves the distributive structure;

ii. F ◦ T = T ′ ◦ F ;

iii. for all objects A in C, F returnA = returnFA;

iv. for all f :A→ TB in C, F (�=f) =�=Ff ; and

v. for all abjects A, B in C, F (strA,B) = str′FA,FB.

Exercise 1.35 Solution on page ??
Let Modλc be the category whose objects are computational models and

morphisms are functors preserving the model structure.
a) Let F :M→M′ be a morphism in Modλc

. Show that for all Γ `M :A:

F (M ⟦M⟧) =M′ ⟦M⟧
b) Show that Mλc

is the initial object in Modλc
.

LetM = 〈Set, T, return,�=, str〉 be any computational model over Set. By
Exercise 1.28 we have a monad T × Tλc

over the product category Set × Cλc
,

given component-wise. Recall the category for logical relations, Log, given by
the following pullback in the category of categories:

Log Pred

Set×C λc

R−

|−|

Set

cod

F
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where F 〈X,A〉 B X × y1A.
By Exercise 1.15, Log is distributive, and a similar argument shows it has

all exponentials 〈Y,B, S〉〈X,A,R〉 for which Y X and BA exist, and the functor
|−| preserves the distributive structure and these exponentials. Therefore, to
give a computational model on Log that |−| preserves, we need to find a lifting
of the monads T and Tλc

: a strong monad T̂ over the category Log, satisfying
conditions (ii)–(iv) in Definition 1.15.

Unlike the pure case, this time there may be multiple liftings of two given
monads, and choosing the appropriate one is an ongoing research topic (Filinski,
2007; Goubault-Larrecq et al., 2002; Mogelberg and Simpson, 2009; Atkey et al.,
2012; Katsumata, 2013, to name a few). Note that to give a lifting, most of the
structure we need to define is uniquely determined by the requirement that |−|
preserves the model structure. The only additional data we need to supply is,
for every logical relation 〈X,A,R〉, the relation part:

RT̂ 〈X,A,R〉 ⊆ X × y1A

Once we define this data, we need to verify we indeed have a strong monad over
Log and that |−| preserves it, but we do not need to supply any additional
definitions.

Lemma 1.16 (initial lifting). Let F : C → Set be a finite product preserving
functor from a Cartesian category, and let T : C → C be any strong monad over
C. Define, for every 〈A,P 〉 in LogF :

RT̂0〈A,P 〉 B F (returnA)[P ] = {F (returnA)(p)|p ∈ P ⊆ FA}

Then T̂0 〈A,P 〉 B
〈
TA,RT̂0〈A,P 〉

〉
is a lifting of T to LogF .

Proof
We need to show that the unit, Kleisli extension, and the strength preserve the
appropriate relations. The unit preserves the relation by the definition of T̂0.
Take any f :〈A,P 〉 → T̂0 〈B,Q〉, i.e., f :A→ TB and Ff :FA→ FTB preserves
the relation. Take any y ∈ RT̂0〈A,P 〉. Then, by definition, y = (F return)(x) for
some x ∈ R. By the second monad law:

x ∈ FA

(F return)(x)

(F f )(x)

F return F�= f

F f

=

Therefore (F�=f)(y) = Ff(x) and because Ff preserves the relation:

(F�=f)(y) ∈ Q

Therefore F�=f preserves the relation. A similar argument using the law
strreturn completes the proof. �
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From now on, fix any set-theoretic computational modelM = 〈Set, T, return,�=, str〉.
Let M̂0 the initial lifting obtained by lifting the product monad of T with the
syntactic monad T̂0 along the functor F 〈X,A〉 = X × y1A.

Lemma 1.17 (basic lemma). For all `M :A:

〈M ⟦M⟧ (?), [` λ : 1.M : 1 −→ A]〉 ∈ RT̂0M̂0⟦A⟧

Proof
Consider any ` M : A. Let M×Mλc be the componentwise computational
model over Set× Cλc

. Because |−| preserves the model structure, we have:

∣∣∣M̂0 ⟦M⟧
∣∣∣

Exercise 1.35a

↓
=M×Mλc ⟦M⟧ = 〈M ⟦M⟧,Mλc ⟦M⟧〉

Exercise 1.34

↓
= 〈M ⟦M⟧, [ : 1 ` λ : 1.M : 1 −→ A]〉

By definition, M̂0 ⟦M⟧ : 1→ T̂0M̂0 ⟦A⟧, therefore:

RT̂0M̂0⟦A⟧ 3 〈M ⟦M⟧, [ : 1 ` λ : 1.M : 1 −→ A]〉 (?, [` () : 1])

= 〈M ⟦M⟧ (?), [` λ : 1.M : 1 −→ A]〉

as required. �
For the next step, we would like to establish an analogue of Lemma 1.6.

However, not all set-theoretic models satisfy it.

Example 1-4. Let T1 : Set→ Set be the monad given by

T1X B 1 T1f B id1 returnX B X
〈〉
−→ 1 �=f B 1

id−→ 1

(Verify these data defines a monad!)
We then have that ⟦TrueBool ()⟧ = 〈〉 = ⟦FalseBool ()⟧, even though:

TrueBool () 6=c
βη FalseBool ()

The cause for the previous counter-example is that the monad T1 does not
possess the following property:

Definition 1.18 (mono requirement). We say that a monad 〈T, return,�=〉
satisfies the mono requirement if, for all objects A, returnA :A → TA is a
monomorphism.

Monomorphisms in Set are precisely the injective functions, and Exercise 1.22,
Exercise 1.24, and Exercise 1.26 dealt with the mono requirement for the global
state, exceptions, powerset, list, and continuation monads.
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Lemma 1.19. If T satisfies the mono requirement, then for all 〈α1,` V1 : 1 −→ G〉
and 〈α2,` V2 : 1 −→ G〉 in RT̂0M̂0G

:

α1 = α2 =⇒ [V1] = [V2]

Proof
Assume T satisfies the mono requirement, consider any 〈α1,` V1 : 1 −→ G〉 and
〈α2,` V2 : 1 −→ G〉 in RT̂0M̂0⟦G⟧, and assume α1 = α2. By T̂0’s definition, there

exist x1, x2 ∈M ⟦G⟧, and ` V ′1 :G, ` V ′2 :G such that:

α1 = returnx1 V1 =c
βη λ : 1.V ′1 〈x1, [V

′
1 ]〉 ∈ RM̂0⟦G⟧

α2 = returnx2 V2 =c
βη λ : 1.V ′2 〈x2, [V

′
2 ]〉 ∈ RM̂0⟦G⟧

As T satisfies the mono requirement, return is injective, hence from the assump-
tion α1 = α2 follows that x1 = x2.

We can now prove by induction on ground types that, for all ground types
G, for all 〈x1, [V

′
1 ]〉 and 〈x2, [V

′
2 ]〉 in RM̂0⟦G⟧:

x1 = x2 =⇒ V ′1 =c
βη V

′
2

We omit the proof as it is analogous to the proof of the corresponding Lemma 1.6.
The congruence rule for abstraction in λc-calculus shows that V1 = V2,

completing the proof. �
We now have all the ingredients to show that set-theoretic models, subject

to the mono requirement, are complete for the λc-calculus:

Theorem 1.20 (set-theoretic completeness). LetM = 〈Set, T, return,�=, str〉
be a set-theoretic computational model. If T satisfies the mono requirement,
then for all closed ground terms `M :G and ` N :G:

M ⟦M⟧ =M ⟦N⟧ ⇐⇒ M =c
βη N

We omit the proof, as it follows the same lines as the corresponding Theo-
rem 1.8.

Monads have had a tremendous impact on the functional programming com-
munity. Soon after Wadler (1990) popularised Moggi’s account to the commu-
nity, many programmers began to identify monads with effects. For the first
time, functional programmers could quantify over effects, using monads. How-
ever, this quantification is only denotational: we do not have a general oper-
ational account for computational effects. The λc-calculus in itself is not an
effectful programming language, as it does not have any syntactic constructs for
causing the effects. For example, we would like to use Theorem 1.20 to prove
the adequacy of out set theoretic models, but with respect to what operational
models?

There are several existing approaches trying to close this gap. Filinski (2010)
gives an operational semantics to a language in which the user can define new
effects by introducing new monads. We can then give monadic denotational
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semantics to this language and establish, for example, adequacy for this lan-
guage. This language has one technical restriction: it is up to the user to ensure
the implementation respects the monad laws (for example, up to observational
equivalence), and if they do not respect it, the program will behave strangely.
Another approach, taken by Plotkin and Power (2001), and followed by Johann
et al. (2010), uses a specialised general operational semantics and proves ade-
quacy with respect to this semantics. This semantics does not directly capture
the standard operational semantics for specialised effects (e.g., state), and we
need additional ad-hoc results in each case.

We could establish adequacy if we pick a particular effect. For example,
we can use the operational semantics for global state and relate them to the
denotational semantics using the global state monad, by repeating an analogous
process: we can define an appropriate syntactic model in which observational
equivalence which establishes observational equivalence easily, and choose an
appropriate lifting for the global state monad and this syntactic monad. If you
ever need to do so, we hope that our account would provide useful guidance.
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Chapter 2

Solutions

Solution 1.10 Exercise on page 20
Hint to clause b: show that products, coproducts, and exponentials are given

component-wise.
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